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Abstract. We consider models of directed random polymers interacting with a defect 
line, which are known to undergo a pinning/depinning (or localization/delocalization) 
phase transition. We are interested in critical properties and we prove, in particular, 

C , finite-size upper bounds on the order parameter (the contact fraction) in a window 

around the critical point, shrinking with the system size. Moreover, we derive a new 

C/3 ' inequality relating the free energy F and an annealed exponent fj, which describes ex- 

treme fluctuations of the polymer in the localized region. For the particular case of 
a (1 + l)-dimensional interface wetting model, we show that this implies an inequality 

^ I between the critical exponents which govern the divergence of the disorder-averaged cor- 

relation length and of the typical one. Our results are based on on the recently proven 
smoothness property of the depinning transition in presence of quenched disorder and 
i-rt on concentration of measure ideas. 
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(3 ■ 1. Introduction 

\o ; 

^^ I Directed polymers interacting with a one-dimensional defect line are quite rich in phys- 

ical and biological applications, and lately have started to attract much attention also in 
2 . the mathematical literature pi I21j. |llj-|15j. In particular, they are an ideal framework 

Vh ' to model (1 -|- l)-dimensional interface wetting phenomena [H], the problem of depinning 

i-rt ■ of flux lines from columnar defects in type~II superconductors |2Uj and the denatura- 

^ I tion transition of DNA in the Poland-Scheraga approximation [^. In many situations, 

O ■ the polymer-defect interaction is neither homogeneous nor periodic along the line. This 

corresponds for instance to the presence of impurities on the wall in the case of the wet- 
ting problem, and to the non-periodic arrangement of base pairs A-T, G-C along DNA 
^ ' sequences. Therefore, one resorts very naturally to quenched disordered models. 

The interplay between the {energetic) pinning effect, which tends to keep the polymer 
close to the defect line, and the (entropic) depinning one, favoring configurations which 
wander away from the line, is responsible for a non-trivial pinning/depinning (or localiza- 
tion/delocalization) phase transition. The depinned and pinned phases are characterized 
by a different behavior of the order parameter, the contact fraction, which is essentially 
the density of polymer-defect contacts along the line. In the pinned phase, the contact 
fraction stays positive in the thermodynamic limit, while it vanishes in the interior of the 
depinned phase (finite-size estimates of the latter statement can be found in ^21)- A very 
interesting problem is to understand what happens at the critical line separating the two 
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phases. Recently, with G. Giacomin we proved that, as soon as disorder is present, the 
contact fraction vanishes continuously when the critical line is approached from the pinned 
region ^3j. This is in striking contrast with the situation in pure (i.e., non-disordered) 
pinning models, where the transition can be either of first or of higher order, depending 
for instance on the space dimension. Given this result, it is very natural to investigate 
how fast the contact fraction vanishes with system size, at the critical line or in a small 
critical window around it. This question is addressed in Theorem 13. II of the present paper, 
where it is shown for instance that, in the disordered situation, the contact fraction is at 
most of order N~^'^ log A^ at criticality. 

Inside the localized region, the length of the maximal excursion of the polymer (i.e., 
of the longest portion of the polymer without contacts with the defect line) is {log N)/fj, 
^El; where // is a certain annealed exponent (cf. Section [3.21 for its definition) and A^ 
is the total length of the polymer. When the critical line is approached // tends to zero, 
as well as the free energy F. In Theorem 13.31 we prove an inequality which essentially 
relates the critical exponents which govern the vanishing of /i and F at the critical line. 
This inequality is interesting also because, in the particular case of a (1 + 1) -dimensional 
wetting model, we prove in Theorem 13.51 that F~^ and fj,~^ coincide with the the typical 
and disorder averaged correlation lengths of the system, respectively. 

As we discuss briefly in Section HI the finite-size estimates of Theorem 13.11 and the 
bounds of Theorem 13.31 have a very natural generalization to the case of random copoly- 
mers at a selective interface between two solvents |19| HJ ^^ , which also show a localiza- 
tion/delocalization transition. In this case, the relevant order parameter is not the contact 
fraction but the fraction of monomers in the unfavorable solvent. 



2. Random pinning models 

Let S = {Sn}n=o,i,... be a time-homogeneous process with law P, taking values in some 
set S and such that S'o = S S. We will be especially interested in the returns to zero of 
S: we let tq = and, for i > 1, Tj = inf{j > Tj_i : Sj = 0}. If Tj = cxd, then by convention 
Tj+i = oo. The only assumptions we make on P is that {tj — rj_i}i=i^2,... is a sequence 
of IID random variables taking values in N U {oo} and that, defining K{n) := P(ti = n), 
there exists s G N such that 

K(s„) = ^, (2.1) 

and K{n) = if n ^ sN, for some 1 < a < cxd and a function L(-) varying slowly at infinity, 
i.e., a positive function such that lima;^oo L[xr) / L{x) = 1 for every r > [7j. An example 
of slowly varying function is r i— > (log(r + 1))'', for 6 G M, but also r i— > exp((log(r + 1))''), 
for 6 < 1, as well as any positive function for which Imir^oo L{r) > 0. 

On the defect line S = are placed random charges uj = {uJn}n=i,2,... which we assume 
to be IID bounded random variables with law P. We will assume that E [uji] = and 
E [w^] = 1 (which, as will be clear from 1)2. 2() below, implies no loss of generality). The 
Hamiltonian describing the interaction between the polymer and the defect line depends 
on two parameters, /3 > (playing the role of the strength of the disorder) and h £ M 
(where —h represents the average energetic gain of a polymer-line contact): 

N 



<t(^)=E(/5'^--^)l{5n=0}. (2.2) 



n=l 
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The corresponding Boltzmann distribution is 



— ^('^) - ^ ^p,h Msn=o} (2-3) 

and, of course, the partition function is given by 

Z^;t = E(e<-(^)l|5.=o}). (2.4) 

Here and in the following, we assume that N E sN, even when not explicitly stated. 

As Equation ^2.'A\f shows, the polymer tends to touch the defect line at points where 
(3uJn — h > and to avoid it in the opposite situation. Note that there is a competition 
between an energetic effect (trying to touch as many favorable points as possible along 
the line) and an entropic one (trajectories which stay close to the line are much less 
numerous than those which wander away). Therefore, it is quite intuitive (and actually well 
known) that a (de)localization transition takes place when the strength of the polymer-line 
interaction is varied. This will be discussed below. 

Remark 2.1. We restrict to bounded disorder variables a;„ just for simplicity of exposi- 
tion. The results below can be extended to more general situations but we will not pursue 
this line. Let us just mention that all the results of this paper hold also in the Gaussian 
case uJi = M{0, 1). In more general cases of continuous, unbounded disorder variables, a 
sufficient condition for the results to hold is that the sub-Gaussian concentration inequal- 
ity 1)5.2(1 is satisfied by P and that a certain condition on the smoothness of the density of 
cJi with respect to the Lebesgue measure on M holds (cf. ^^, condition C2). A discussion 
of the relevance of concentration of measure inequalities in pinning and copolymer models 
can be found in J12j . 

Remark 2.2. Note that only the model with endpoint Sn pinned to zero is being con- 
sidered, cf. Eq. ^2.'A^ . This is just for simplicity of exposition, since this way one has for 
M <N 

log Z^;t > log 4t + log <''m,.m. (2.5) 

(9 is the left shift: OcOn = ^n+i), a property we will use several times in the proofs of Section 
13 By the way, note that ()2.5|) implies that the sequence {ElogZ^^}]\[ is super-additive 
in A^. One could also leave the endpoint free: in this case, in the r.h.s. of Eq. ()2.5j) error 
terms of order log A would appear (cf. e.g. [131 Remark 1.1]). As a consequence, in the 
proof of the theorems one would have to keep track of harmless but annoying logarithmic 
error terms. 

Remark 2.3. To make condition (|2.1() more explicit note that, for instance, if {Sn}n is 
the SRW (simple random walk) on S = Z'^, then (|2.1|) holds with s = 2 and a = 3/2 for 
d = 1 and a = d/2 for d> 2. The Poland-Scheraga model of DNA denaturation also fits 
into our framework; in this case, the physically relevant value of a is around 2.11 ^S]. For 
the Poland-Scheraga model, the contact fraction defined in Eq. ()2.8|1 below corresponds 
to the fraction of bound base pairs. 

As it is well known the infinite-volume free energy, i.e. the limit 

F(/3,/i)= hm ^logZ^i (2-6) 

N—KX) iV ' 

exists, is almost-surely independent of to and satisfies f(/3, /i) > (cf. e.g. j2j, |U, but 
proofs of these facts have appeared several times in the literature. The non-negativity 
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of F is proven by simply restricting the average in (|2.4|) to the configurations which do 
not touch zero between sites and A^, and using Eq. (|2.H) .) One decomposes the phase 
diagram (/?, h) into depinned (or delocahzed) and pinned (or locahzed) phases, T> and C, 
defined asV = {(/?, h) : f(/3, h) = 0} and C = {{f3,h) : f(/3, h) > 0}, separated by a critical 
line hciP) = inf{/i : f(/?, /i) = 0}. Various properties of the critical curve are known [2] 
jllj : in particular, under our assumptions one has that, for every < /3 < oo, 

/ie(0) = log(l - P(ri = oo)) < hciP) < oo. (2.7) 

Note that /ic(0) < 0, and /ic(0) < iff S is transient. Moreover, hc{-) is a convex increasing 
function, as follows easily from the convexity of F with respect to its arguments and from 
(EH). 

The order parameter associated to the (de) localization transition is the contact fraction, 
defined as 

, ^fN |{l<n<iV:g„ = 0}| 

^N .= ^ .= ^ . (2.8) 

Since F is clearly convex as a function of h, and since it is differentiable in h for every 
h < hc{fi) (as was proven in [IS]), from the definitions of £,P it follows that, P(da;)-a.s., 

hm E^t(£jv) = -dh^{(3,h) > if h< h^P) (2.9) 

N^oo ' 

while 

limE^t(^^)=0 if h>hc{0). (2.10) 

However, much more than (|2.1U|) is true: indeed, in ^21 it was proven that, for h > hc{P), 

EP^^t(-A/'^>"^)<e-'^™ (2.11) 

if m > d2logA^, for some constants < di{P,h),d2{P,h) < oo. In other words, the 
number of contacts with the defect line grows, typically, linearly with A'^ for h < hdP) 
and at most logarithmically in A^ for h > /ic(/5)- Finally, in JH]~|EI it was proven that 
dhF{(3, h) vanishes continuously for h | hc{[i) if /? > 0, which implies that, P(da;)-a.s., 

hm E5t;(^)(^;v)=0. (2.12) 

In view of these facts, it is very natural to ask what is the typical size of the contact fraction 
for finite N, at the critical point or very close to it. This question will be addressed in the 
next section. 

3. Main results 

3.1. Finite size estimates on the contact fraction. Since we are interested in the 
finite-size scaling behavior of the system in a window around the critical point, shrinking 
to zero with the system size, we allow in general h to depend on A^, and write explicitly 
h = hj\[- 

Theorem 3.1. Let /3 > and 1 < a < cxd. Assutuc that 

lim N\hN - hc{(3)) = 6 G M (3.1) 

for some t > 0. Then, 

(1) If t ^ 1/3, then for c sufficiently large 

lim EP^^^ (Mn > cN^/^ log n) = (3.2) 
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(2) Ift< 1/3 and b > 0, then for c sufficiently large 



lim EP^Jj^ {Mn > cN^^ logN) = 0. (3.3) 

(3) If t < 1/3 and b < 0, then for c sufficiently large 

lim EP^Jj^ (A/W > cN^-^) = 0. (3.4) 

It is understood that the constant c above can depend on /?, a and b. Note that, for 
t = and 6 > 0, one finds back the known estimates on the contact fraction vahd in the 
interior of P J12j . 

Remark 3.2. The estimates of Theorem 13.11 need not be optimal, in general. Indeed, 
as will be clear in Section [3 our proof is based on the fact that F vanishes at least 
quadratically when the critical line is approached from the localized region and /? > J13j : 



F{(3,h)<ac,if5){hc{P)-hf (3.5) 

for some constant < ci(/3) < oo, if /i < hdP)- On the other hand it is quite reasonable, 
and actually expected in the physics literature, that the transition is smoother in various 
situations, for instance if a < 3/2 and /3 small. Following the proof of Theorem 13.11 in 
Section it is not difficult to realize (cf. Remark E3 below) that, if one assumes 

F(/?,/i)<Cp(/?,a)(/ie(/?)-/i)' (3.6) 

for every h < hc{(3) then, for instance, 

lim E P Jt^^'^) (Mn > cA^2/{fc+i) log n) = 0, (3.7) 

for c sufficiently large. If /c > 2, this would clearly improve the upper bound on the contact 
fraction at the critical point given by Theorem 13.11 Estimates (|3.2() - H3.4() could also be 
similarly improved for all values of t and b. Unfortunately, up to now there are no known 
cases where one can prove an estimate like (|3.f)|) . with k > 2, for non-zero values of /?. 

3.2. fi versus F: an inequality for critical exponents. In Refs. ^ and ^S], the 

quantity 



M/?,/i) = - hm llogE 



y(3,h 



(3.8) 



was introduced. As it was proved there, in the localized phase /U is strictly positive and 
related to maximal excursions of the polymer from the defect line: indeed, for the polymer 
of length A^ the maximal distance between two successive returns to zero of S is typically 
{\og N)/iJ,{(3,h). When h approaches hc{P) from below, /u tends to zero and therefore the 
length of the maximal excursion diverges, on the scale log N. More precisely, the following 
bounds were proven in |15j: for every /3 > there exists < C2(/9) < cxd such that 

C2{[3)F{(3,hf<lj{(],h)<F{P,h), (3.9) 

where the lower bound holds, say, for < hdP) — h < 1. Our next result significantly 
improves the lower bound in (|3.9j) : 

Theorem 3.3. For every /3 > there exists < C3(/5) < oo such that 
ifO< hc{(3)-h< 1. 
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Remark 3.4. In order to give a more readable form to these bounds assume that, for 
/3 > and h < hdlS), 

F(/3, h) = Cf {13, (/i,(/3) - hr') (h.iP) - hr (3.11) 

and 

fi{(3, h) = c^ (/3, {hc{(i) - h)-') (hciP) - hf^ (3.12) 

for some functions Cp{(3,x),c^{j3,x) slowly varying in x for x ^ oo (of course fpjf^ > 2, 
as a consequence of Eq. ()3.5|) and of the upper bound in (|3.9() : in principle, fp,!^^ can 
depend on (3). Then, recalling the definition of slow variation and the fact that F is convex 
in /i, one realizes that Eq. H3.9|) implies 

(2 <)fF <v^< 2v^. (3.13) 

while from 1)3. 10() follows that 

y^,<v^ + 1. (3.14) 

3.3. Typical and average correlation lengths for a (1 + 1) dimensional wetting 

model. Beyond giving informations about the divergence of the longest excursion close 
to (but below) the critical line, bounds like (|3.1fl|) involving ^ and F are of interest because 
it is rather natural to expect that ii~^ (respectively F~^) has the same divergence, for h 
approaching hc{f3) from the localized phase, as the average (respectively typical) correla- 
tion length of the system. Our next result. Theorem 13. 5[ makes this conjecture precise at 
least in a specific model of (1 + l)-dimensional wetting. 

Recall that in |15| Theorem 2.2] it was proven that, for every bounded local observable 
A (i.e., bounded function which depends on Sj only for j in a finite subset of N), the 
infinite-volume limit 

exists P( dw) -almost surely, if (/3, /i) G C. Moreover, in C truncated correlation functions 
decay exponentially fast with distance. In fact, for every bounded local observables A, B 
define the local observable Bj^ as Bk{S) = B{6^S), where 6 is the left shift, 9Sn = Sn+i- 
Then, there exist a constant < c^,b(/?, h) < oo, an almost surely finite random variable 
CA,Bi^,P, h) and a constant d(/3, h) > such that ^5], in £, 



E 
and 



B^J^JABk) - B^J:JA)B^J:jBk) < CA,Be-''^^'>' (3.16) 



d{l3,h)k 



d(f3,h)k 



E(i%(Ai?fc)-E^%(A)E(i%(i3,) <CAM^)e"'('''^>'. (3.17) 

However, in J15j the (/?, h) dependence of the constant d{P, h) was not tracked, and lower 
bounds complementary to Eqs. (|3.16|) . 1)3. 17(1 were not obtained. It turns out that this gap 
can be filled, at least in the case of a rather natural (1 + l)-dimensional wetting model we 
define now. This model still belongs to the class described by the Boltzmann distribution 
H2.3|) but, in addition to the basic assumptions of Section [3 we require that the state space 
of the process S* is E = Z+ (i.e., there is an impenetrable wall which prevents Sn < 0) 
and that actually S is the SRW with increments S'j+i — Si = ±1, conditioned to be non- 
negative (the condition \Si — Si-i\ = 1 could be somewhat relaxed in the theorem below, 
at the price of some further technical work. We will not pursue this line). Note that in 
this case (|2.1|) holds with a = 3/2 and s = 2. This model has a natural interpretation 
as a (1 + 1) -dimensional wetting model of a disordered substrate [HI El 12]. The defect line 
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represents a wall with impurities, and S the interface between two coexisting phases (say, 
liquid below the interface and vapor above). When h < the underlying homogeneous 
substrate repels the liquid phase, and vice versa for h > 0. C corresponds then to the dry 
phase (microscopic liquid layer at the wall) and D to the wet phase (macroscopic layer). 
Then, one has: 

Theorem 3.5. For the wetting model just introduced, the following holds: for every /? > 
and h < hc{(3), 

- hm \ logE (P^t(^^ = Si+k = 0) - P^;i,(5, = 0)P^",(S,+fc = 0)) = /i(/3, h) (3.18) 

and, ¥{duj)-a.s., 

- hm I log (p^J:JS, = S,+k = 0) - P^J^USi = 0)P^J:JS,+k = 0)) = f(/?, h). (3.19) 

Here it is understood that l,k,N £ 2N, due to the periodicity of the simple random 
walk. 

Remark 3.6. It would be extremely interesting, especially in view of Theorem 13.51 to fill 
the gap between the upper bound in H3.9() and the lower bound 1)3. 1U|) (or equivalently, 
between ()3.13|) and (|3.14|) '). In the case of the (1 + l)-dimensional wetting model with ±1 
increments, this would answer the question whether typical and average correlation lengths 
have the same critical behavior close to the dep inning transition, or if their divergence is 
governed by different critical exponents, as it happens for instance in the disordered Ising 
spin chain with random transverse field of Ref. lS:, . 

4. Generalization to copolymers at a selective interface 

In this Section we sketch briefly how Theorems 13. Il and l3.3l can be extended to the model 
of random copolymer at a selective interface |ll 1111 H^ . We refer for instance to |221lllj 
for physical motivations of this model. In this case, the state space of 5 is S = Z and, in 
addition to time homogeneity of S and to the IID property of the sequence {tj — rj-_i}i, one 
assumes that (^i+i — Si) £ {— 1,0,+1} and that P is invariant under the transformation 
S — > —S. The Hamiltonian (|2.2j) is replaced by 

N 

'H^nU^) = E(/^^« - hn{s„<o} (4.1) 

n=l 

where, without loss of generality in view of the symmetry of P, we can assume that h >0. 
The variables {ujn}n are IID centered and satisfy the same boundedness assumption as in 
Section 121 The Boltzmann distribution and the partition function Z^ ^ are defined as in 

Eqs. (|2.3|) . 1)2. 4() . provided that Ti.^ ^ is replaced by Ti-^^. One should imagine the model 
as describing a polymer S in proximity of the interface {S = 0) between two solvents A 
and B, placed in the half-planes S > and S < 0, respectively. Note that Sn has the 
tendency to be in A whenever PuJn — h < and in B if /?a;„ — h > 0. Note also that, if 
h > 0, for a typical disorder realization the polymer has a net preference to be in A, which 
will be called the favorable solvent. 

Again, it is known 1" that the infinite-volume free energy f(/3, h) = lim.j\f{l/N) log Z^ ^ 
exists, is almost surely independent of lo and non-negative, so that one can define the lo- 
calized and delocalized phases, £ and V, is analogy to Section [21 Upper [^ and lower 
[2] bounds are known for the critical curve hdfl) = inf{/i : f(/?, h) = 0} but, on the 



FABIO LUCIO TONINELLI 



basis of careful numerical simulations plus concentration of measure considerations, none 
of them is believed to be optimal in general 5^. In contrast with the case of the pinning 
models of Section |21 for the copolymer the order parameter associated to the localiza- 
tion/delocalization transition is the fraction of monomers in the unfavorable solvent: 

i ^N \{l<n<N}:Sn< 0}| ., „. 

(n := -^ := j^ . (4.2) 

This is rather intuitive since, comparing definitions (|2.2|) and (|4.H) . one notices that the 
role of l{s'^=o} is ^ow played by Ij^^^g}- Like for the contact fraction in pinning models, 
various estimates on the order parameter are known: i]\f is of order 1 in C, at most of 
order (logA^)/A^ in the interior of 2? ^I2i^ and o(l) for A^ — > oo at the critical line \1'A\ . 
The methods we introduce in the present paper allow to make the last statement sharper: 
indeed. Theorem 13. II holds unchanged also for the copolymer model, provided that A^at is 
replaced by A/Jv. In particular, therefore, (n is at most of order N^'^'^ log N at the critical 
point. 

Theorem 13 . 31 also admits a natural extension to the copolymer case: if ft{f3, h) is defined 
as in (|3.8|) . with Z^ ^ replaced by Z^^, then again Eq. (|3.1()j) holds with F, /x replaced by 

In order to avoid a useless duplication of the proofs of Theorems 13. II and 13.31 in Section 
IS] we will consider only the case of pinning models and we will not give details for the 
copolymer case: as it was also the case in Refs. |12|-|15j. it is easy to realize that the two 
models can be treated analogously, if the correct order parameter is used in each case. 
Just to give an example, Eq. 1)5. 4|1 below holds also for the copolymer, if A/at is replaced 
by A/Jv, as was proven in |12| Lemma 2.1]. 

5. Proof of the results 

Given a set fi of polymer configurations, measurable with respect to P, it is convenient 
to set 



Z^';jO) := E ^e'^--^-^l|5en}l{5^=o}j • (5.1) 

Our basic technical tool is the following classical concentration inequality ^7] : if a; = 
{'^n]n is a sequence of IID bounded random variables with law P, there exist constants 
< Ci, C2 < oo such that, for every convex Lipschitz function / : R"' -^ M, one has: 



>(|/(u;i,...,w„)-E/(a;i,...,u;„)| > t) < Ci exp - — f^ (5.2 




for every f > 0, where ||/||Lip is the Lipschitz norm of / with respect to the Euclidean 
norm in M", i.e., the smallest M > such that 

\f{x)- f{y)\ . , , ,^ „. 

sup —rr: < M. (5.3) 

The way we will employ this inequality is by noting that (1/A^) log ZJ^^^^, considered as 

a function of wi, . . . ,ujn, is convex and has a Lipschitz constant at most (ij^/N . More 
generally, one has the following jl2| Lemma 2.1]: let 0^ be a set of polymer trajectories 
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such that A/tv < "^ for every S G J7m- Then, 



E 



llogZ^;t(17™)-^ElogZ^-S 



2+2 



>t)<Ciexp(-C2^). (5.4) 



This is simply proven by noting that (1/A^) log Z^ ^{Qm) has a Lipschitz constant at most 

p^/N. 

5.1. Proof of Theorem 13.11 For tti G NU {0}, consider the restricted partition function 

^^:t(A/'iV = "^) (5.5) 

where the number of contacts with the line, Mn, is constrained to m. Thanks to the fact 
that the differences Tj — Tj-i between successive return times to zero of S are independent 
under the law P, one has 

lElog4;t(AA^ =m)< Jim J-E log Z^JjAf,^ = km) < <P (/3, ^) - /i^, (5.6) 

where 

</)(/?, x) = hm hm ^E log zj°^ {l^ e[x - e,x + e]) . (5.7) 

e\0 N~*oo iV ' 

The limits in (|5.7() exist for monotonicity reasons. In |13j it was proven that, under some 
assumptions on P (assumptions which are satisfied, in particular, in the case of bounded 
random variables we are considering here), one has for /3 > 

</>(/?, x) < _M^x2 + hc{P)x, (5.8) 

a 

for some constant < C4(/3) < cxd depending only on the law P. 

Remark 5.1. Equation ()5.8() follows simply from Eq. ()3.5|) and from the fact that, as was 
proven in ^] , F is related to the function (j) of Eq. 1)5 .Tf) via the Legendre transformation 

f(/3,/i)= sup {(l){P,x)-hx). (5.9) 

xe[o,i] 

(Actually, in ^H] the reverse path was followed: first H5.8() was proven, and then H3.5|) was 
deduced). If one could prove Eq. (|3.6|) with k > 2, (|5.8|) would be immediately improved 
into 

HP, x) < -Cp{/3, a)x'''^^-^'^ + hc{(3)x (5.10) 

for some <Cp{f3,a) < oo. 

Equation H5.8|) . together with ()5.6|) . implies that for every N £ sN, ttt, G N U {0} 

lElogZ^;t-(AA;v = m)< -^ Q" - {h^ - Km^- (5.11) 

Let us consider first the case 6 > 0, t < 1/3. Then, for N sufficiently large one has, 
uniformly in m^ 

lElog4;t-(AA^ = m)< -^iV-^- ^^-^^^ 



We let El be the event 

Ei = \ there exists m > cN'^^ log N such that ^ log Z^^^J {Nn = m) > --N~*'-^ K5-13) 



^^^^-^--^--^log^^f;--:. •-:- "f '"^ 
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To estimate the probability of Ei , we employ Eq. (|5.4j) and we find 

F[^i] <Ci Y^ e ' 16/3^ (5.14) 

m>cN'^^ log N 

which decays to zero for A^ ^ cxd, if c is large enough. On the complementary of the event 
El, one the other hand, one has 






bmN 



m>cN^^ log N 

which also decays to zero. In (|5.15)) we used the obvious bound 

Zn!L > 4i ({Sn + for every n < iV}) = K{N)e<'^^-'' > {c^y^N-^^, (5.16) 

cf. Eq. (|2.1j) and the definition of slowly varying function. Equations (|5.14|) and (|5.15|1 
together imply (|3.3|) . 

Next, consider the case t > 1/3. It is immediate to check that, for N sufficiently large 
and m > cN"^'^ log A^, the r.h.s. of Eq. (|5.11|) is smaller than 

2a \n) ' 
Then, one defines 

E2 = jthere exists m > cA^^/s ^^g ^ g^^j^ ^j^^^ i_ ^^g z^^J {Mn = m) > _£ii^ (J^ykn) 
and notes that, in analogy with Eqs. ()5.14p and ()5.15j) . 



C4(l3ym-> 



F[E2] <Ci Yj e 'le^^^f^/s^ (5.18) 

m>cN^/3 log N 

while, on the complementary of the event E2, 

P"^';," {J\fN>cN^/^ log N)<C5N^^ Y e-"^^, (5.19) 

m>cAr2/3 log AT 

which together imply ()3.2() . for c large. 

Finally, the case 6 < and t < 1/3. One realizes easily that, for N, c sufficiently large 
and m > cN^~^, the r.h.s. of Eq. ()5.1ip is smaller than 



-|6|iV-*-. 



Then, one defines 



E3 = hm> cN^~' such that ^ log Z^^J (Mn = m) > -l^N'^^X (5.20) 



and notes that 



nEs] < Ci E e" ^^ " (5-21) 

m>cN^-^ 
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which decays to zero for N ^ oo since t < 1/3 while, on the complementary of the event 






{Mn > cN'-') < C5N 



T2a 



Y^ e-^^-*-. 



m>cN^-^ 



Equation (|3.4|) follows as in the previous cases. 



(5.22) 



Theorem 13. II 



3^: 



5.2. Proof of Theorem 13. 3L Define preliminarily, for every x € [0, 1] and e > 0, 

^7V,x,. ■■=[^■■1^ log 4i {lN^[x-e,x + e])< ^^ | . (5.23) 

Then, 



E 



1 



■'N,u 



< exp {-Nf{(3, h)/2) + E 



{^JV,a:,e} 



z 



(5.24) 



< exp (-iVF(/3, h)/2) + C5N"'¥[En,.,s]- 



Thanks to the Legendre transformation relation (|5.9j) and from the infinite differentiability 
of the free energy for h < hc{(3) JHI) it follows that the value x{h), which realizes the supre- 
mum in Eq. (|5.9|) . is unique, smooth as a function of h and satisfies x{h) = —dhF{(3,h). 
Moreover, since (j){(5,x{h)) — hx{h) = f(/?, /i), one has immediately 



hm 1e log Z^t i^N G [x{h) - e, x{h) + e]) = f(/?, h). 

AT — >oo iV ' 

Thanks to Eq. (|5.4() . one has then for e sufficiently small 



(5.25) 



C2- 



NF{l3,hy 



[ENMh),e] < Cie '^^^■^(-'^nHM) 



(5.26) 



for A^ sufficiently large. Therefore, recalling Eq. (|5.24|) . always for N large one finds 



E 



Z' 



i3,h 

N,cv 



C2- 



iVF(/3,fe)^ 



< exp {-Nf{i3, h)/2) + Cie ^^6pH-au^(.PM) 



(5.27) 



which immediately implies Eq. 1)3. 1U() for /ic(/3) — /i > sufficiently small. Indeed, since 
f(/3, .) is a convex function and f(/3, hc{(3)) = 0, one has 

-dh^{(3, h) 

which implies that, for hc{j3) — h small, the second term in the r.h.s. of Eq. 1)5. 27() is the 
larger one. 

Theorem 13. 31 

5.3. Proof of Theorem 13. 5L Recall that here £,k,N G 2N. We start with the upper 
bounds on the correlation lengths, which are somewhat easier. Observe first that 



<'t(^, k) := P^^'liSe = 5,+fc = 0) - P^^'iS, = 0)P^^'\iSe+k = 0) 



E' 






^{S}=SJ+,=0} - l{5l=5|+,=0} j 1{S} 



(5.28) 
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where P^^ (•) is the product Gibbs measure for two independent, identical copies S^, S^ 
of the polymer and E is the event 

E = {$j:i<j<i+k,S} = S]}. (5.29) 

Indeed, the expectation in (|5.28|) vanishes if conditioned on the complementary of E, as 
is immediately realized via a symmetry argument based on the Markov property of the 
SRW conditioned to be non-negative. An analogous trick was used in the proof of [T31 
Theorem 2.2]. Then, it follows that 

cZi^, ^) < ^nT(E) = '^^nT {S]>S}yj:l<j<i + k) 

a . (5.30) 

<2P^^'^iSj>0yj:i<j<i + k) 

where in the second and third steps we used the fact that, since the polymer trajectories 
have increments of unit length, S^ and S"^ cannot cross without touching. At this point, 
let us condition on the last return to zero of S before i + 1, which we call m, and on its 
first return r after i + k — 1 , and observe that 

where, we recall, 9 is the left shift: 9uJn = uJn+i- From (|5.3flj) one obtains 

<;t(Afc) < 2 Yl P^t ({Sm = Sr = 0}n {Sj > Vj : m < i < r}) 



0<m<i 

t+k<r<N 



-h 



0<m<i ^r-m,e"^uj 0<m<i ^r-m,e^w 



(5.32) 



i+k<r<N £+k<r 

Recalling the definition (|3.8() of fx and the fact that (l/s)logZs^L converges to f(/3, /i) 
P(da;)-a.s. for s — > oo, one obtains for every 6 > 

EC^^je, k) < c7e-(^('3''^)~^)^ (5.33) 

and 

C^Nt{e,k)<cs{io)e-^'^^^^^-'^' (5.34) 

where cs{uj) is P( da;) -almost surely finite. Here and in the following we omit the possible 
dependence on /?, h and i of the constants, in order to keep notations lighter. Note 
however that cy can be chosen independent of i. Since neither cj nor cs{uj) depend on A^, 
the A^ — > oo limit can be taken in the l.h.s. of Eqs. ()5.33|) . 1)5. 34() . 

As for the lower bound, we start by observing that, by Eq. (|5.28l) . one has the identity 

c^^^ji, k) = p^^t""' {{Si = Si, = o}n{s]>s}yj:i<j<i + k}) . (5.35) 

Indeed, thanks to the constraint !{£'}, it cannot happen that Sj = SJ = 0, otherwise also 
Sli = S^^ = 0, since Sj > and \Sj — Sj-i\ = 1. Similarly, it cannot happen that 
Sj+k ~ Sj+k ~ ^- ^^"^ ^^^^ reason, the first term in the last line of (|5.28|) gives the r.h.s. of 
(|5.35() . In view of analogous considerations, the second term is identically zero, since there 
are no polymer configurations belonging to E, i.e., not crossing each other, and satisfying 
S\ = Sj.j. = 0. On the other hand, thanks to l15:. Lemma A.l], one can bound 

Z^'t < C9A;^«Z^'t(5i = S, = 0) (5.36) 
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for some cg independent of a;, provided that i,j < 2k. Indeed, Lemma A.l of ^H] states 
that there exists an cu-independent constant < cio < oo such that for every N,k G 2N, 
k < N and every co we have 

1 



,/3,/i 



{Sk = 0) > 



-I3\ujk\-h 



(5.37) 



^''^'"^ "' " cio(A;A(iV-A;))^io' 

from which inequahty H5.36() easily follows. 

In order to keep notations in the following formulas simple, let us introduce some useful 
sets of polymer trajectories (see Figure P): 

4^^ :={5 : Se = Se+k = 0} 



^2 '-—{S'- 5'^-2 — 'S'f+fc+2 — 0} 

Af ■.= lse Af : %,Liogfcj = for every j G 2N, 1 < j < 

a" -.={3 E ^'^ : 5'^+Liogfej = 'S'£+fc-[iogfcj = Uog^J + 2 and 
Sj > [log A;J + 1 for £ + [log k\ <j<i + k- [log A:J}. 



[log k\ 



(5.38) 



Ik . 



Of course, A^ is non-empty only for k sufficiently large so that k > 2[logA;J. If ^2 is a 



(a) 




(log fc)+2 
los k 



e+k e+k+2 



£+log k 



i+k-iog k (b) 




£+21og k 



£+41og k 



e+k e+k+2 



Figure 1. (a): Typical trajectories 5"^ € A^'*" (dashed line) and 5"^ G A2''' (full line), 
(b): Typical trajectories S^ € A3' (dashed line) and S^ £ A^ (full line). We assumed 
to simplify the picture that log k is an integer number and that k is multiple of log k. S^ 
is constrained to go up with slope 1 between £ — 2 and £ + log k, and to go down with 
slope —1 between £ + k — log k and £ + k + 2. Between £ + log k and £ + k — log k, S^ 
cannot go below level logfc + 2 = Si^i^^j^. Therefore, S^ never touches zero between £~l 
and £ + k + 1 and S^ is strictly lower than S^ between £ and £ + k. 

P®^-measurable set of trajectories of 5^, S^ we define, in analogy with 1)5. Ij) . 

■^{(51 ,S2)gn} ^{51^=0} ^{52^=0} 



Z^';j^^(Q) := E«^ ^e 
Then, one has the obvious lower bound 

z^^f^ ({51 G Af } n [s] >s}yj: i<j<£ + k}n {5^ e Af } 



(5.39) 



cZ(^'k)> 



and, thanks to Eq. ()5.36|) . 



(y0,h\2 



{Z^f < 4k''"zZ(S e 4')4i(^ e ^ 



2 J 



(5.40) 
(5.41) 
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The numerator in (|5.4r)|) can be bounded below requiring that S^ £ A^ and 5^ G A^ . 
At this point the constraint {5| > 5j V j : i < j < £ + k} becomes superfluous, since it is 

automatically satisfied if S^ S ^43 and S"^ G A^ , and one obtains 






^k,9(w ^fc+4,6»«-2a; 

Note that the trajectories belonging to A^' never touch the defect line in the interval 
{1, . . . , A; + 3}. Therefore, in ^^',4^ Qi-i^^i^ £ A^' ) the pinning Hamiltonian gives no 
contribution except at the boundary point k, and one is left with a SRW computation. 
An easy counting of allowed trajectories gives, for large k, 

^f+4,.-2j^ e ^f) ^ ^"'" (5-43) 

uniformly in uj. Secondly, applying repeatedly |15| Lemma A.l] one obtains 

<'1(^ e 4'") > c-,^""'' (logk)-^^^'/'^^' Zfj,^. (5.44) 

Plugging the lower bounds (|5.43j) . (|5.44j) into (|5.42j) and taking the N ^ 00 limit one 
finally finds 



CtU^-, k) > "-^^^-^ . (5.45) 



The conclusions 
and 



E C^t (^, k) > ci5e-('^(^''^)+^)^- (5.46) 



C^^!L(Afc)>ci6(^)e-(^('^''^)+^)'= (5.47) 

are obtained, for every 5 > 0, by recalling the definition of /i(/3, h) and the fact that 

(l//c) log Z^'^ converges to F{P,h) almost surely. Together with Eqs. H5.33() . (|5.34l) . these 

imply the desired results H3.18() . H3.19() . 

Theorem 13. 51 

Remark 5.2. It is interesting to compare the strategy leading to the upper bounds H5.33() . 
H5.34() with the coupling method introduced in Ref. ^S] to estimate the speed of conver- 
gence to equilibrium of some special renewal sequences. The connection between polymer 
measures and renewal equations is not casual: for instance, a moment of refiection (or a 
look at Appendix A of '13') shows that, in the homogeneous case /3 = 0, the polymer mea- 
sure can be rewritten exactly in terms of the renewal process where the probability that 
the time elapsed between two successive renewals is n is given by K{n) exp(— nF(0, h) — h). 
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